LINEAR INDEPENDENCE OF TIME-FREQUENCY TRANSLATES IN R¢
MARCIN BOWNIK AND DARRIN SPEEGLE

ABSTRACT. We establish the linear independence of time-frequency translates for functions
f on R¢ having one sided decay limge g, 2|—o0 |f(z)|ecl*l ezl = 0 for all ¢ > 0, which do
not vanish on an affine half-space H C R%.

1. INTRODUCTION

The Heil-Ramanathan-Topiwala (HRT) conjecture [12] states that time-frequency trans-
lates of a non-zero square integrable function f on R? are linearly independent.® There
have been a few partial results on this conjecture, mostly focusing on finding conditions on
A C RY x RY which guarantee that time-frequency translates

G(f,A) == {M,Tyf = > f(- —b): (a,b) € A}

along A are linearly independent [3, 5, 6, 7, 16]. Other interesting results related to the HRT
conjecture can be found in [1, 10, 11]. In [4], the authors found a one-sided decay condition
that guarantees that arbitrary time-frequency shifts are linearly independent.

The goal of this paper is to generalize the main result of the authors [4] to higher dimensions.
We point out that the generalization to higher dimensions of linear independence does not
always follow expectations. Using the Fourier transform it is easy to see that in R, translates
of LP functions are linearly independent for 1 < p < oo. However, the situation in R? is
quite different, as all translates of LP functions in R? are linearly independent if and only if
p < 24 by the results of Edgar and Rosenblatt [8, 19].

The main theorem of this paper can be formulated as follows.

Theorem 1.1. Let H be an affine half-space in R?, i.e., H = {z € R?: (x,v) > a} for some
v € R\ {0} and a € R. Let f: R — C be a Lebesque measurable function which does not
vanish almost everywhere on H. Assume that for all ¢ > 0,

(1.1) lim | f(z)|ecl*!loslel = 0,

z€H, |z|—00

Then, the set G(f,R?Y) of time-frequency translates of f is linearly independent. That is,
G(f,A) is linearly independent for any A C R??.
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IThe original HRT conjecture was only for R, but the question is also open for higher dimensions.

1



2 MARCIN BOWNIK AND DARRIN SPEEGLE

Note that, unlike the one dimensional case, we must make the additional assumption that a
function f does not vanish on a half-space. This is because in one dimension, functions which
vanish on a tail trivially have linearly independent time-frequency shifts. However, if there is
a function f € L*(R) with linearly dependent time-frequency shifts, then 1;_; g ® f € L*(R?)
vanishes on a half-space {(z1,23) € R? : z; > 0} and has linearly dependent time-frequency
shifts. However, it is possible to remove the assumption that f does not vanish on a half-space
in Theorem 1.1 provided we weaken the corresponding conclusion. This is shown in Theorem
3.5.

There are several new ingredients employed in extending the one dimensional result [4,
Theorem 1.1] to the higher dimensional Theorem 1.1. First, we prove a generalization of the
Montgomery-Vaughan inequality [17] to higher dimensions, Theorem 2.1, using the theory of
Beurling-Selberg extremal functions for Euclidean balls developed by Holt and Vaaler [13].
We also show a higher dimensional analogue of the Turdn-Nazarov inequality, Theorem 2.2,
from the corresponding one dimensional result [18]. Using this we extend the lower bound
estimate on products of trigonometric polynomials from [4] to higher dimensions. Then, we
establish the key sufficient condition for the linear independence of time-frequency translates,
Theorem 3.1, using the concept of an extended half-space, which induces a total order on R¢.
We also introduce the notion of directional quasi-norm that enables us to prove Theorem 3.3,
which provides a sharper version of Theorem 1.1.

2. USeEruL FAcCTS

In this section, we recall generalizations of the Montgomery-Vaughan inequality and the
Turan-Nazarov inequality to R?. We will also provide proofs of the exact inequalities that
we need in our development. In Theorem 2.1 we assume that the dimension d is fixed; all
constants are allowed to (implicitly) depend on d.

Theorem 2.1 (Holt, Vaaler). Fiz d € N. For every § > 0, there exists R > 0 such that
whenever a trigonometric polynomial
(2.1) u(x) = che%“‘”’x), c; €C, a; € RY,

Jj=1

satisfies min{|a; — ay| : j # k} > 0, we have

Br)l §- 2 d
(2.2) — ; lc;]? < \u(z)|"dz  for ally € R%.

Br(y)

Here, |Bgr(y)| is d-dimensional Lebesgue measure of the Euclidean ball Bg(y) of radius R
centered at vy.

Proof. This is an immediate corollary to [13, Theorem 4]. We briefly include the relevant
facts for completeness; all references are to [13] and notation is from [13, Theorem 1]. Let &,
d, and v be real numbers with § > 0 and v > —1. Define u,(§,6) to be the infimum of

1

5 /_C: (T(:v) — S(a:))|:v|2”+1 dux,
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where the infimum is over all pairs of entire functions S and T' of exponential type at most
2md such that

S(x) <sgn(z— &) <T(x) for all z € R.
By the estimate [13, p. 204], there is a constant A, depending only on v, such that

A
(2.3) u, (€,0) < 6 et (1 + @> whenever 0 > 1.
By [13, Theorem 4] applied for v = (d — 2)/2 we have
(2.4) w1 ((2v +2) ' R* ™ —u,(R,9)) Z |cj|2 < / ‘u(x)‘z dx.
j=1 Br(y)

Here, wy_; is the surface area of the unit sphere S9! C R? We note that [13, Theorem 4]
requires balls to be centered at 0. However, in the special case when d = 2v+ 2, it holds more
generally for every ball since the exponent in [13, (1.28)] vanishes and translations correspond
to unimodular modifications of coefficients ¢;, j =1,...,m.

Choose R > 0 such that 6R > 1 and

1 " A - 1
OR R25? 2d’

A
(2V + 2)—1R2V+2 . UV(R7 5) Z (2V + 2)—1R2V+2 o 5—1R2V+1 (1 + R252>

It follows by (2.3) that

> Rt R RY id
- d 2d 2d
Combining this with (2.4) and the fact that |Bg(y)| = Rw,_1/d yields (2.2). 0

We will also need a higher dimensional analogue of the Turédn-Nazarov inequality [18]. A
similar result for Z%periodic trigonometric polynomials «, which corresponds to the case
when a; € Z? in (2.1), was considered by Fontes-Merz [9]. Theorem 2.2 also appears in [2,
Lemma 12], but without a proof that we provide below.

Theorem 2.2 (Higher dimensional Turdn-Nazarov inequality). Let u be a trigonometric
polynomial of order m as in (2.1). Let E be any measurable subset of positive measure of a
ball Br(y) CRY, R >0, y € RY. There exists an absolute and dimensionless constant A such
that

(2.5) sup |u(z)| < (dZdAM) : sup |u(z)|.

2€BR(y) || v€E

Proof. Recall that one dimensional Turan-Nazarov inequality [18] guarantees the existence of
an absolute constant A such that for any univariate trigonometric polynomial

(2.6) a(r) =Y &e*™, G eC, 4 €R,
j=1
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and any measurable subset E of positive measure of an interval I € R we have

A m—1 ~
(2.7 suplan| < (T41) swp )l
rel ’E' rek
Let zo € Bg(y) be a point that achieves the maximum of |ul, i.e.,
u(z0)| = sup |u(z)].
r€BR(y)

For any direction w € S471 = {x € R?: |z| = 1} define a ray section of E by
E,={rel0,00):20+71w e E}.

Let o be (d—1)-dimensional Lebesgue measure on S¢~!. By the spherical integration formula
we have

|E| = / 1p(z dx—/ / 15(2 + rw)r?drdo(w / / 1p, (r)r*tdrdo(w)
R4 Sd—1 Sd—1

< (2R)™ / Bldo(w) < (2R) o (5" ess sup | E. .
gd—1

wesd-1

Since |Br(y)| = R0 (S971)/d, there exists wy € S¢! such that FE,,, is Lebesgue measurable
and
Bl 1 |B]

28) 2R~ @2 Baly)|

Define a univariate trigonometric polynomial u by

&;emiar, where &; = ¢;e*™(@0)

a(r) = u(zo + rwp) = La; = (aj,wo).

NE

1

<.
I

Applying (2.7) for @ and E = E,,, C [0,2R], by (2.8) we have

sup [uo)| = uea)| < swp i) < (A2 ) s falr)

z€BR(y) r€[0,2R) r€Ey,
B m—1
(deA| ’12 )|) sup |u(x)).
zckE
This proves (2.5). O

As a consequence of Theorems 2.1 and 2.2 we obtain the following generalization of [3,
Proposition 2.2].

Proposition 2.3. Let u be a non-zero trigonometric polynomial as in (2.1). Let R > 0.
Then there exists a constant C' > 0, depending only on u and R, such that

(2.9) sup |u(z)] >C  forally € R".
z€BR(y)
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Proof. Let 6 = min{|a; — ax| : j # k} > 0. Let Ry > 0 be the corresponding radius as in
Theorem 2.1. Then,

(2.10) %jzlmz < mé%(y)m(@mx < sup fu(@)

IGBRQ (y)

This shows (2.9) when R > Ry. If R < Ry, then by Theorem 2.2, there exists a constant
¢ > 0 such that
sup |u(z)] > ¢ sup |u(x)].
2€BR(y) z€B R (y)

By (2.10) this again shows (2.9). O

3. PROOF OF THE MAIN THEOREM

We start by introducing a technical sufficient condition (3.1) for the linear independence
of time-frequency translates of a measurable function, which generalizes the one dimensional
condition in [4]. This is a main ingredient in the proof of our main result, Theorem 1.1.
Define the space of all Lebesgue measurable functions on the real line by

M ={f :R* = C is Lebesgue measurable}.
As it is customary, we shall identify functions in M which are equal almost everywhere.

Definition 3.1. Given an orthonormal basis {vj}?zl of R? define an extended half-space by
d
Hlit = U{x €R%: (z,v;) >0 and (z,v;) =0foralli=1,...,5—1}.
j=1
Note that the extend half-space H%%} essentially coincides with the open half-space
H={zecR: (z,v) >0} c HY} c H={x e R: (z,1;) > 0}.
Indeed, H{"} \ H C {x € R?: (2,v;) = 0} has measure zero.
Theorem 3.1. Let H%} be an extended half-space, and H = {x € R? : (z,v1) > a}, a € R,

be an affine half-space, and f € M. Suppose that for any non-zero trigonometric polynomial
u, any finite subset B = {by,...,b,} C H} and any M > 0, the set

(3.1) E=FEy,up= {er:|u(x)f(x)| >MZ|f(:r+bi)|}
i=1

has positive measure. Then, G(f,R?*?) is linearly independent.
Proof. Suppose for the sake of contradiction that there exist by, . .., by € R? and trigonometric
polynomials uy, ..., uy such that

N

Zul(x)f(x —b)=0 for a.e. v € R%

i=1

The extended half-space H{%} induces a total order < on R? given by
<y <= y—xe H
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This is a consequence of the observation that two extended half-spaces H{%?} and —Hi}t =
H{=v} form a partition of R\ {0}. Hence, without loss of generality we can assume that

(3.2) by < ... =< by.

Moreover, we can also assume that ||u;||oc <1 foralli=1,... N.
We shall prove that our hypothesis (3.1) implies that there exist sets of positive measure
Q1,...,Qn C H such that the matrix

ur(@)f(zr = b))  wa(zi)f(zr —b2) - un(@1)f(z1 —by)
uy () f(we —b1)  wa(ze)f(va —b2) -+ un(w2)f(r2 —bN)
My = ) )
ur(zn)f(zn —01) wa(ow)floy —b2) -+ un(oy)floy —by)
has non-zero determinant for almost all (z1,...,2y) € Q1 X -+- X @n. This contradicts our
hypothesis that the sum of the rows of M are zero almost everywhere.
For each 1 <n < N, and (z1,...,2,) € (R)", we consider the principal n x n submatrix
of My given by
u(@1)f(z1 —b1) - un(@1)f(21 = by)
Mn:Mn(xlvaxn):
Un (Tp) [ (T —b1) o un(@n) f(Tn — bn)
We will show by induction the existence of sets of positive measure Qq,...,Q, C R" and
positive constants cq, ..., ¢, and dy,...,d, such that
(3.3) |f(z—=b))] <ey for a.e. xEUQi, j=1,...,n,
i=1
(3.4) | det M, (x1,...,2,)| > 6y for a.e. (x1,...,2,) €Q1 X -+ X Q.

The base case n = 1 follows trivially from the presence of strict inequality in (3.1). Suppose
that (3.3) and (3.4) hold for some 1 < n < N. Let ¥ be the set of all permutations of
{1,...,n+1} such that o(n+1) # n+1. Then, for any (z1,...,%n, Tni1) € Q1 X... X Q, xRY,

‘ det Mn+1(I1, R ) In+1)|
n+1
(3.5) > |tng1 (@ng1) f(@Xng1 — bpgr) det My (1, ..., 20)| — Z H o ey () f (@ = bo(k))’
. oeX k=1

> Onltng1 (Tng1) f(Tpg1 — bpgr)| — nl(cn)” Z | f(2pg1 — b;)].
=1

The last estimate is a consequence of breaking the sum over ¢ € 3 with o(n + 1) = i, where
1 <4 < n. By our hypothesis (3.1), the set

E = {xn—i-l e . ’un—&-l(xn—i—l + bn+1)f(xn+l)| > MZ |f($n+l + (bn—i—l - bl))|}7

i=1

where M = 2n!(c,)"/6,, has positive measure. This is because b, — b; € H{¥? for i =
1,...,n by (3.2). We momentarily set Q11 = b,41 + E. Then, by (3.5) we have that for
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almost every (x1,...,%p11) € Q1 X ... X Qpy1,

O
|det M1 (21, .., Tpy1)| > 3|Un+1($n+1)f($n+1 — bpy1)| > 0.

Thus, by restricting to a (positive measure) subset of ,41 if necessary, we can find two
constants ¢,41, 0,41 > 0 such that (3.3) and (3.4) hold, as desired. This completes the proof
of Theorem 3.1. U

In order to establish Theorem 1.1 we will need the following lemma about products of
trigonometric polynomials, which is a consequence of the Turdan-Nazarov inequality. Lemma
3.2 is a straightforward generalization of the one-dimensional result [4, Lemma 3.5].

Lemma 3.2. Let u be a non-zero trigonometric polynomial, let B = {by,...,b,} C R% be a
finite set, and let R > 0. Then, there exists a constant n = n(u,n, R) > 0 such that for any
y € RY and any k > 2, there exists a measurable subset E C Br(y) with |E| > |Br(y)|/2
such that

(3.6) sup Z Z

xEE (k)=1

-1
< enk log k

Hu(x+2b )

7=1

Proof. Recall that Bg(y) denotes a ball centered at y € R? with radius R > 0. For any
be R and t > 0 we define

(3.7) Ey(t) = {x € Bgr(y) : |u(z +b)| < t}.
By Proposition 2.3 we have (2.9). Combining this with Theorem 2.2 yields

(BB
t> sup |u(z+b ZC’deAlm( )
xEEb(t)| ( ) ( ) IBr(y)]

Thus,
(3.8) |E,(t)] < C'[Bg(y)[tY/mY for all ¢ > 0,

where the constant C’ depends on d, R and u, but not on b or y.
For fixed k& € N define the set

= {zn:ozzbz : En:ai <k, a; € No}
=1 =1

Since the sequence (aq,...,an, k — (a1 + ... 4+ ay,)) represents a partition of k into n + 1
blocks, we have

k
(3.9) #3) < < *k‘") < ow

For any subset 0 = {o(1),...,0(k)} C X of size k, define the function

1
o= ieomr
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Let t > 0. Suppose that for some = € Bg(y) we have

(3.10) Z Z Hu(x—l—Zb >

i(1)=1 i(k)=1"j=1

> 1.

By taking averages, this implies that there exists a subset o C X of size k such that f,(x) >
t/n*. Since f, is a product of k functions, at least one of them must take value greater than

(t/n*)1/*. That is,
k
n n
WS U Eo'(i) (m) C U Eb (m),
i=1

beS
where Ey(t) is given by (3.7). Thus, using (3.8) and (3.9), the Lebesgue measure of the set
of points z € Bg(y) satisfying (3.10) is bounded by

U(z)

If we wish that the measure of this set does not exceed |Bg(y)|/2, we are led to the inequality
> (20//)(m71)kkn(mfl)k.

Thus, there exists a constant n > 0, which is independent of the choice of k£ > 2, such that
t = e"losk gatisfies the above bound. Consequently, the set E of points z € Br(y) such
that the inequality (3.10) fails has measure at least |Bg(y)|/2. This completes the proof of
Lemma 3.2. U

1/ (m=1)

n n Ny—
< #1557 )| £ O OBy < OBt T

We are now ready to state Theorem 3.3. As we will see, the main result of the paper,
Theorem 1.1, follows immediately from it.

Theorem 3.3. Let {vj};l:l be an orthonormal basis of RY. Define the corresponding direc-
tional quasi-norm as a mapping N : RY — [0,00) given for x € R? by

(3.11) N(z) =) (z,0)+, where i, = max(y, 0).

j=1

Let f : R — C be a Lebesque measurable function that does not vanish almost everywhere on
an affine half-space H = {x € R4 : (x,v1) > a}, a € R. Assume that f satisfies for all ¢ > 0,

(3.12) tlim etlst gup | f(x)] = 0.
- z€H,N(z)>t

Then, the set G(f,R??) of time-frequency translates of f is linearly independent.
In the proof of Theorem 3.3 we will need the following lemma.

Lemma 3.4. Let B = {by,...,b,} be a finite subset of an extended half-space H"7}. Then,
there ezists § > 0 such that for any k € N and any choice of i(l) € {1,...,n}, I =1,...,k

we have
k
N(Zbi(l)) > k.
=1
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Proof. We shall proceed by induction on the dimension d. Lemma 3.4 is trivially true when
d = 1. Assume by inductive hypothesis that it is true in the dimension d — 1. Without loss
of generality, we can assume that elements of B are arranged in increasing order < as in the
proof of Theorem 3.1, ie., by < ... < b,. Let s = 1,...,n be the largest index such that
(bs,v1) = 0. If such s does not exist, then we let s = 0. Observe that

(313) 0< <bs+1,1)1> <...< <bn,’Ul>.

On the other hand, the elements {b;,...,bs} lie in the subspace span{v,, ..., vq}, which we
can identify with R4, Since H{%}=2 is an extended half-space in R%!, by the inductive
hypothesis there exists d > 0 such that

k

(3.14) N< Z bi(l)) > §(k — ko),
I=1, i(l)<s
where kg is the number of [ = 1,..., k such that i(l) > s. Moreover, we have
k k

(3.15) N(Zbi(l)) > N( > bi(,)> — kodC,
=1 )<s

=1, i(l

where C' = max{|b;| : ¢ = 1,...,n}. Indeed, (3.15) follows easily from

k k
<Zbi(l>,vj> z< 3 bi(l),uj> _kC  forallj—=1,....d.
=1 + V<s +

I=1, i(l
Combining (3.14) and (3.15) we have

k
b}
(3.16) N(Z bi(l)> > 6(k — ko) — kodC > Sk ifko <<k,
=1

where € = §/(20 + 2dC). However, if ko > ¢k, then by (3.13) we have
k

k k
(3.17) N(Zbi(l)> > <sz‘(1),v1> > < Z bz’(l),'U1> > ko(bst1,v1) > €(bsy1,v1)k.
I=1 I=1 + >s

1=1, i(l)
Combining (3.16) with (3.17) completes the proof of Lemma 3.4. O
Proof of Theorem 3.3. Let H = {x € R% : (x,v) > a} be an affine half-space, where v €
R?\ {0} and a € R. Choose any orthonormal basis {v;}?_; C R? such that v; = v/|v[. By
Theorem 3.1 it suffices to show that for any trigonometric polynomial u # 0, any finite subset
B ={by,...,b,} C H} and any M > 0, the set E, js.p given by (3.1) has positive measure.
On the contrary, suppose that for some choice of u, B, and M > 0 we have

(3.18) |f(z)] SMiM for a.e. x € H.

By recursion, (3.18) implies that

(3.19) f@) <My >
i(1)=1 i(k)=1

k

II

j=1

-1

k j—1
f <l‘ + Z bz(l)) u <I + Z bi(l))
=1 =1
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By the non-vanishing hypothesis on f, there exists a constant ¢ > 0, such that the set
{z € H :|f(z)| > €} has positive measure. By the Lebesgue differentiability theorem applied
to that set, there exists a ball Bg(y) C H and such that

(3.20) {z € Br(y) : [f(z)| > e}| > [Br(y)|/2.
Observe that the quasi-norm N defined by (3.11) satisfies the triangle inequality N(x+z) <
N(x)+ N(z). Thus, for any x € Br(y) and z € R?,
N(x+2) 2 N(2) = N(=z) 2 N(z) = Vd(R + ly]).
By Lemma 3.4 and the Cauchy-Schwarz inequality

d

(3.21) Z ,vj |<\/_(Z|:L’v] )1/22\/c_l|x|,

there exists § > 0 such that
k
N(m + Zbi(l)) > 0k — VAR + |y|) > 6k/2  for k > ko := 2Vd(R + |y|) /.
=1

Thus, for any = € Bg(y) and k > ko,

(3.22) 'f (a: + li; bz-(l)> ‘ < sup |f(2)]

z€H, N(z)>0k/2

Here, we used the following fact: © € H and b € Hi%} — z+be H.
Combining (3.19) and (3.22) with Lemma 3.2 yields a subset Ey C Bg(y) with |Eg| >
|IBr(y)|/2 such that

(3.23) |f ()| < MPFenklosk sup |f(2)] for x € E.
2€H, N(2)>0k/2

By (3.20) the set Ej must non-trivially intersect with the set {x € Bgr(y) : |f(z)| > £}.
Hence, we conclude that

sup |f(z)| > eMFenklosk for k > k.
z€H, N(z)>0k/2

This contradicts our decay hypothesis (3.12) and completes the proof of Theorem 3.3. U

As an immediate consequence of Theorem 3.3 we can deduce Theorem 1.1.

Proof of Theorem 1.1. Suppose that a function f satisfies the decay condition (1.1). That is,
for all ¢ > 0,

tlim eto8t sup | f(z)| = 0.
o0 z€H,|z|>t

Combining this with (3.21) implies the weaker decay condition (3.12). Consequently, Theorem
3.3 yields the desired conclusion. O
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We end by presenting a decay condition that is a more direct generalization of the main
theorem in [4]. Indeed, the condition (3.24) is automatically satisfied on the real line since
any finite subset B C R can be arranged in increasing order. Then, depending on the sign
of v € R, the decay condition (3.25) corresponds to one-sided limit as x — oo or x — —oc.
Thus, Theorem 3.5 implies the main result in [4].

Theorem 3.5. Let B = {by,by,...,b,} be a finite subset of RY. Suppose there exists a vector
v E€R? and 1 < jo < n such that

(3.24) (0,bjo) < (v,bj)  foralll <j<n, j# jo.

Let f : R® — C be a non-zero Lebesque measurable function satisfying the directional decay
condition

(3.25) lim | f(z)]ecosl@v)) — o for all ¢ > 0.

z€R4, (z,v)—00

Then, if uy,...,u, are trigonometric polynomials such that
(3.26) Zuj(:c)f(:c +0;)=0 for a.e. x € R%,
j=1

then u;, = 0. In particular, if (v,b;) # (v,b;) for all i # j, then G(f,R? x (—B)) is linearly
independent.

Remark 3.1. Note that unlike Theorem 1.1 we do not assume that f does not vanish on a
half-space. Moreover, the decay condition (1.1) is weakened by the condition (3.25) that does
not impose any decay in directions perpendicular to a vector v € R% As a consequence,
the conclusion of Theorem 3.5 must also be weakened. Indeed, the following simple example
shows that we can not expect that the remaining polynomials satisfy v; = ... = u, = 0.

Define f : R? — R by
e” if x; €0, 1],
0  otherwise.

f(l"l,l'z) = {

Then, f satisfies the hypothesis of Theorem 3.5 with B = {(0,0),(0,1),(—1,0)} and v =
(1,0), but G(f,{0} x B) is linearly dependent.

Proof of Theorem 3.5. On the contrary suppose that there exists a solution to (3.26) with a
non-zero u;,. Then,

lf(x)] <M Z @ +b; = by for a.e. x € RY,
2 Tug@)]
where M = max(||u1||so, - - -, ||tn]|oo). Hence, the same inequality as in (3.18) holds true.
Define a directional quasi-norm N (z) = (z,v),. By the assumption (3.24), Lemma 3.4 holds
for the set B = {b; —bj, : 1 < j # jo < n} and quasi-norm N in place of B and N, resp.
Moreover, the same argument as in the proof of Theorem 3.3 works for the quasi-norm N
in place of the original one given by (3.11). As a result we obtain a contradiction with our
hypotheses that u;, # 0, thus completing the proof of Theorem 3.5. U
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