THE DISCRETIZATION PROBLEM FOR CONTINUOUS FRAMES
DANIEL FREEMAN AND DARRIN SPEEGLE

ABSTRACT. We characterize when a coherent state or continuous frame for a Hilbert space
may be sampled to obtain a frame, which solves the discretization problem for continuous
frames. In particular, we prove that every bounded continuous frame for a Hilbert space
may be sampled to obtain a frame. We give multiple applications to different classes of
frames such as scalable frames and Gabor frames.

1. INTRODUCTION

Definition 1.1. A collection of vectors (z;);es in a Hilbert space H is called a frame or a
discrete frame for H if there exist positive constants A and B (called lower and upper frame
bounds respectively) such that

(1.1) Allz|> <> [, z)” < Bll|* for all » € H.
jed
The frame is called tight if A = B and the frame is called Parseval if A= B = 1.

A frame can be thought of as a (possibly) redundant coordinate system in the sense that
a frame can contain more vectors than are necessary to represent each vector in the Hilbert
space. One way of interpreting the frame inequality (1.1) is that a frame for a Hilbert space
H is a collection of vectors in H indexed by a countable set J so that the norm in ¢5(.J) of
the frame coefficients is equivalent to the norm on H. This notion can be nicely generalized
from the discrete to the continuous setting by instead of summing over a countable set J,
we integrate over a measure space X. That is, a continuous frame for a Hilbert space H
is a collection of vectors indexed by a measure space X so that the norm of the frame
coefficients in Ly(X) is equivalent to the norm on H. The following definition, with which
we are following [C], formalizes this notion.

Definition 1.2. Let (X, X, i) be a positive, o-finite measure space and let H be a separable
Hilbert space. A measurable function ¥ : X — H is a continuous frame of H with respect
to p if there exist constants A, B > 0 such that

(1.2) Allz||* < /I(%‘P(tDIQdu(t) < Bllz||*  VreH

The constant A is called a lower frame bound and the constant B is called an upper frame
bound. If A = B then the continuous frame is called tight and if A = B = 1 then the
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continuous frame is called Parseval or a coherent state. We say that ¥ : X — H is Bessel
if it has a finite upper frame bound B, but does not necessarily have a positive lower frame
bound A.

Note that if X is a countable set with counting measure, then ¥ : X — H is a continuous
frame of H is equivalent to (V(t))icx being a frame of H. Thus, frames are a special case
of continuous frames. Often the definition of continuous frames in the literature includes
some additional topological structure of the measure space X and continuity of the map
v : X — H, but we do not require this.

Continuous frames and coherent states are widely used in mathematical physics and har-
monic analysis and they appear prominently in quantum mechanics and quantum optics.
The theory of coherent states was initiated by Schrodinger in 1926 [S] and was generalized
to continuous frames by Ali, Antoine, and Gazeau [AAG1]. Though coherent states naturally
characterize many different physical properties, discrete frames are much better suited for
computations. Because of this, when working with coherent states and continuous frames,
researchers often create a discrete frame by sampling the continuous frame and then use
the discrete frame for computations instead of the entire continuous frame. Specifically, if
U : X — H is a continuous frame and (¢;);e; € X then (V(¢;));es C H is called a sampling
of W. The notion of creating a frame by sampling a coherent state has its origins in the very
start of modern frame theory. Indeed, Daubechies, Grossmann, and Meyer [DGM| popular-
ized modern frame theory in their seminal paper “Painless nonorthogonal expansions”, and
their constructions of frames for Hilbert spaces were all done by sampling different coherent
states. Another example which is of particular interest for frame theorists is that of Gabor
frames, which are samplings of the short time Fourier transform at a lattice, and we explore
this further in Section 2.

The discretization problem, posed by Ali, Antoine, and Gazeau in their physics textbook
Coherent States, Wavelets, and Their Generalizations [AAG2], asks when a continuous frame
of a Hilbert space can be sampled to obtain a frame. They state that a positive answer to the
question is crucial for practical applications of coherent states, and chapter 16 of the book is
devoted to the discretization problem. A solution for certain types of continuous frames was
obtained by Fornasier and Rauhut using the theory of co-orbit spaces [FR]. We solve the
discretization problem in its full generality with the following theorem which characterizes
exactly when a continuous frame may be sampled to obtain a frame.

Theorem 1.3. Let (X, ) be a measurable space such that every singleton is measurable and
let U : X — H be measurable. There exists (t;)jc; € X7 such that (V(t;));es is a frame of H
if and only if there exists a positive, o-finite measure v on (X, %) so that ¥ is a continuous
frame of H with respect to v which is bounded v-almost everywhere. In particular, every
bounded continuous frame may be sampled to obtain a frame.

Here we mean that a continuous frame ¥ : X — H is bounded v-almost everywhere if there
exists a constant C' > 0 and measurable subset £ C X with v(E) = 0 such that ||¥(t)|| < C
forallt e X\ E.

Continuous frames used in applications are typically bounded. However, there do exist
examples of unbounded continuous frames which cannot be sampled to obtain a frame. For
example, consider the measure p on N given by pu({n}) = 1/n. Then ¥ : N — ¢, with
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U(n) = y/ne, is an unbounded continuous frame, and any sampling of ¥ with dense span
is unbounded and hence not a frame. We note as well that our sampling (U(¢;)),es in the
statement of Theorem 1.3 allows for some points to be sampled multiple times, and indeed
there exist bounded continuous frames such that the only way for a sampling to be a frame
is for some points to be sampled multiple times.

Theorem 1.3 characterizes when a continuous frame may be sampled to obtain a frame.
The following theorem gives uniform frame bounds for the sampled frame in the case that
the continuous frame is Parseval and in the unit ball of the Hilbert space. We first prove
this uniform theorem in Section 5 and then use this to prove Theorem 1.3.

Theorem 1.4. There exist C, D > 0 such that if ¥V : X — H is a continuous Parseval frame
with [[U(t)|| <1 for all t € X then there exists (t;)je; € X7 such that (V(t;));es is a frame
of H with lower frame bound C and upper frame bound D.

So far we have stated results solely in terms of sampling continuous frames. However,
as every frame can be realized as a continuous frame on N, we may consider what the
discretization problem implies in this case. Suppose that (z,),en is a tight frame of a
Hilbert space H with frame bound K > 1 satisfying ||z,|| < 1 for all n € N. If we define
a measure g on N with u(n) = 1/K for all n € N, then ¥ : N — H with ¥(n) = z, is a
continuous Parseval frame. Now, sampling ¥ corresponds with taking a subset of (z,)nen.
This gives the following corollary, which was proven for finite frames by Nitzan, Olevskii,
and Ulanovskii [NOU].

Corollary 1.5. There exist uniform constants E, F > 0 such that if (x;);cr is a tight frame
of vectors in the unit ball of a Hilbert space H with frame bound greater than 1 then there
exists a subset J C I such that (x;);cs is a frame with lower frame bound E and upper frame
bound F'.

For applications, this means that if you are working with a frame which is more redundant
than necessary then it is possible to a take a subset which is less redundant and is still a
good frame. In Section 3 we will give a direct proof of a generalization of Corollary 1.5 which
we state as Corollary 1.8 later in the introduction. To realize a more general application of
this idea, we call a collection of vectors (x;);cs in a Hilbert space H a scalable frame if there
exists scalars (¢;);er such that (¢;x;);er is a Parseval frame for H [KOPT]. We can use this
to define a measure p on I by pu(i) = |¢;|? for all i € I. Then, ¥ : [ — H with ¥(i) = z; is
a continuous Parseval frame and applying Theorem 1.4 gives the following corollary.

Corollary 1.6. There exist uniform constants E, F > 0 such that if (x;)ic; is a scalable
frame of unit vectors then there exists a subset J C I such that (x;);cy is a frame with lower
frame bound E and upper frame bound F'.

We give further discussion of scalable frames in Section 2, where we prove a new quanti-
zation theorem for scalable frames.

Our approach to proving Theorem 1.3 in Section 5 is based on reducing the problem of
sampling continuous frames into a different problem of partitioning discrete frames, which
is solved using the recent results of Marcus, Spielman, and Srivastava in their solution
of the Kadison-Singer problem [MSS]. In [BCEK], Balan, Casazza, Edidin, and Kutyniok
introduce problems of determining when a tight frame for a Hilbert space may be partitioned
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into subsets each of which are frames for the Hilbert space and what are the optimal such
decompositions. The notion of an optimal decomposition depends on the application, but
one natural way to consider a partition of a tight frame into subsets as optimal is if each of
the lower frame bounds of the subsets are as big as possible and each of the upper frame
bounds of the subsets are as small as possible. In that respect, the following theorem, which
is essentially Lemma 2 in Nitzan, Olevskii, and Ulanovskii’s paper [NOU], proves that there
exists uniform upper and lower frame bounds for the optimal decompositions of tight frames.
They used this result to then prove that for every subset S C R of finite Lebesgue measure,
there exists a discrete set A C R such that the exponentials (e?**)ycx form a frame of Ly(S).
We include a proof of Theorem 1.7 in Section 3 for completeness.

Theorem 1.7. There exist uniform constants A, B > 0 such that every tight frame of vectors
in the unit ball of a finite dimensional Hilbert space H with frame bound greater than 1
can be partitioned into a collection of frames of H each with lower frame bound A and
upper frame bound B. Furthermore, there ezist sequences of constants (Ap)nen, (Bn)nen
with lim,, .o A, = lim,,_soo B,, = 1 such that for every n € N, every tight frame of vectors
in H with norms at most n=! and frame bound greater than 1 has a subset with lower frame
bound A, and upper frame bound B,,.

At first glance, it may seem obvious that a highly redundant frame is the union of less
redundant frames, but in a high dimensional Hilbert space it can be very tricky to determine
how to partition the frame vectors so that each set in the resulting partition has a uniformly
high lower frame bound and uniformly low upper frame bound. Furthermore, we prove that
the corresponding question for bases is false. That is, there does not exist a uniform constant
A such that every finite unit norm tight frame has a subset which is a basis and has lower
Riesz bound A. Using this finite dimensional result, we prove the following generalization
at the end of Section 3.

Corollary 1.8. Let A, B > 0 be the constants given in Theorem 1.7. Then every tight frame
of vectors in the unit ball of a separable Hilbert space H with frame bound greater than 1
can be partitioned into a finite collection of frames of H each with lower frame bound A and
upper frame bound B.

The proof of Theorem 1.7 relies on the recent solution of the Kadison-Singer problem
by Marcus, Spielman, and Srivastava [MSS]. The Kadison-Singer problem [KS] was known
to be equivalent to many open problems such as the Feichtinger conjecture [CCLV], the
paving conjecture [A], Weaver’s conjecture [W], and the Bourgain-Tzafriri conjecture [BT].
Each of these problems can be thought of in some ways as determining when a set with
some property can be uniformly partitioned into sets with a desired property. Naturally, the
frame partition problem falls into this category as well, and it was noted in [BCEK] that the
problem of partitioning a large frame into smaller frames is related to these famous problems.
In [MSS], the authors directly prove Weaver’s conjecture and hence prove all the equivalent
problems as well. We note that the proof of Theorem 1.7 doesn’t actually use Weaver’s
conjecture or any of its equivalent formulations, but instead uses the stronger result proved
in [MSS]. The main reason for this is that Weaver’s conjecture concerns partitioning in a
way that reduces an upper bound, but we need to reduce an upper bound while maintaining
a relatively close lower bound. The Marcus, Spielman, Srivastava result allows partitioning



THE DISCRETIZATION PROBLEM FOR CONTINUOUS FRAMES 5

in a way that divides both the upper and lower frame bound almost perfectly in half. Marcin
Bownik has recently written a survey [B] on connections between continuous frames and the
Kadison-Singer problem which includes our solution to the discretization problem as well as
extensions of Lyapunov’s theorem to discrete frames [AW] and continuous frames[B2].

We recommend the textbook [C] for a reference on frames and continuous frames from
a mathematical perspective, and we recommend the textbook [AAG2] for a reference on
frames and continuous frames from a physics perspective. We include applications of the
discretization and partitioning theorems in Section 2. We prove the frame partitioning
theorem in Section 3. We include lemmas about discrete frames in Section 4. We prove the
discretization theorem in Section 5.

2. APPLICATIONS

We include here some applications of the discretization and partition theorems, two of
which are new theorems and one is a quick proof of a known theorem.

2.1. Scalable Frames. A collection of unit vectors (x;);c; in H is said to be a scalable
frame if there exist scalars (c¢;);er such that (¢;x;);er is a Parseval frame for H [KOPT].
As one of the steps toward solving the discretization problem, we prove in Theorem 5.4
that there are universal constants A and B such that if (z;);es is a scalable frame, then
(x;)ier can be sampled to form a frame with lower frame bound A and upper frame bound
B. One way to think about this is in terms of quantization. A scalable frame can be
scaled to be Parseval, but suppose that we are restricted to using only integer coefficients
to scale the frame. Being able to sample (z;);c; to get a frame is equivalent to being able
to obtain a frame by scaling using only integer scalars. As quantization of frame coefficients
is an important aspect of frame theory [BPY], it is natural to consider scaling frames using
quantized scalars. The following result gives essentially that how well we can scale a frame
using quantized coefficients may be determined using only how fine a quantization we allow.
In particular, this is independent of both the dimension of the space and the number of
frame vectors.

Theorem 2.1. Let (A,)nen and (By)nen with lim A,, = lim B,, = 1 be the scalars given in
Theorem 1.7. Let N € N. If (;)ier is a scalable frame in a finite dimensional Hilbert space
H then there exists scalars (¢;)icr € {/m/N :m € Z} such that (c;x;)ier is a frame with
lower frame bound Ay and upper frame bound By .

Proof. Let (d;);er be scalars such that (d;x;);c; is a Parseval frame. We first assume that
(d;)ier are rational numbers with common denominator M € N. Thus, n; := N*M?d? is an
integer for all i € I. We consider the frame (y;);c; which consists of n; copies of N~'z; for
each ¢ € I. Thus, we have for x € H that

DUzl =) NPMPd}|(x, N7'a) [P = M? Y [(x, dyay) [P = M|,
=Y i€l i€l

Thus, (y;)jes is a tight frame of vectors with norm at most N~! and frame bound M? > 1.
By Theorem 1.7 there is a subset (y;);cs, with frame bounds Ay and By. For each i € I let
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¢ = v/mi/N where m; is the number of copies of N~'z; in (y;);es,. This gives the following

calculation.
D N )P =Y mille, N e)? = [z, 95
iel iel j€Jdo
Thus, (¢;x;)ier is a frame with bounds Ay, By, the same bounds as (y;);e.,-

We now consider the case that (d;);c; are not all rational. Given ¢ > 0 we may approximate
the coefficients (d;);e; with rational numbers and follow the previous argument to obtain
(¢i)ier € {v/m/N : m € Z} such that (c¢;z;);c; is a frame with lower frame bound (1+¢) ' Ay
and upper frame bound (14-¢)By. However, because there are only finitely many possibilities
for (¢;)ier, some choice must work for all ¢ > 0. Thus, there exists (¢;)ie; € {v/m/N :m € Z}

such that (c;z;);er is a frame with lower frame bound Ay and upper frame bound By.
O

Theorem 2.1 gives that if there are scalars (d;);e; such that (d;x;);cs is Parseval then there
are scalars (¢;)icr C {/m/N : m € Z} such that (¢;x;)es is a frame with lower frame bound
Ay and upper frame bound By. It is interesting to note that the scalars (¢;);e; could be very
different from the scalars (d;);c;. Indeed, quantizing (d;);c; fails dramatically if we choose
(¢i)ier to minimize |d; — ¢ for all i € I, which results in a small /. (/) distance between
the sequences (d;);er and (¢;)ier. A small l5(]) distance between (d;);cr and (¢;)ie; can be
used to compare the frames (d;z;);cr and (¢;z;)ier [C2], but a small (o () distance tells us
nothing.

2.2. Gabor Frames. One example of continuous frames that is of particular interest is that
of Gabor systems and the short time Fourier transform. We consider L?(R) to be the Hilbert
space of square integrable functions from R to C. For a,b € R, we define the translation
operator T, : L*(R) — L?*(R) and the modulation operator M, : L*(R) — L*(R) by

Tug(x) =g(x—a)  and  Myg(z) = ™ g().
If g € L*(R) then the short time Fourier transform with window function ¢ is the map
¥, : R? = L*(R) given by
\Ifg(a, b) = MbTag-

The short time Fourier transform with window function g is a tight continuous frame with
frame bound |[g||*. That is, [|g|1*|lf|*> = [ [ | [ f(x)e*™*g(x — t)dx|*dwdt for all f € Ly(R).
A Gabor frame of Ly(R) is a frame of the form (MbnTamg)m,nez where a,b > 0 and g € L*(R).
That is, Gabor frames are formed by sampling the short time Fourier transform at a lattice
in R2. Tt is not always the case that (My,T,mg)mnez Will be a frame, however by Theorem
1.3 we have the following corollary.

Corollary 2.2. For every non-zero g € L*(R) there exists real numbers (ay, by,)32, such that
(e*™%g(x — ay,))ren is a frame of L*(R).

2.3. Frames of exponentials. For each K > 0, Fourier series gives a Riesz basis of expo-

nentials for Ly([—£, £]). In particular,

Kf =) (femi)e™x for all f € Lo([—

nez

K K
50 50
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If J C R is any bounded set, then J C I for some interval I C R . We can take the basis
of exponentials for Ly(/) and restrict it to J to get a tight frame of exponentials for Lo(J).
However, this does not work if J is unbounded. This leads to the question: When does Lo (.J)
have a frame of exponentials? Note that J must have finite measure for the exponentials to
be in Ly(J). This was solved by Nitzan, Olevskii, and Ulanovskii, who used the same frame
partitioning theorem that we need as well [NOU].

Theorem 2.3. [Nitzan, Olevskii, and Ulanovskii 2016] If J C R has finite measure then
Ls(J) has a frame of exponentials.

Unlike the short time Fourier transform, the Fourier transform is not a continuous frame.
However, if we consider the map ¥ : R — LQ(J ) given by U(z)(t) = > for all x € R and
t € J then ¥ has an analysis operator © : Lo(J) — Ly(R) given by

o(f)(x) = / FOET D).

Thus, the analysis operator is the Fourier transform. The Fourier transform is an isometric
embedding, which means that W is a continuous Parseval frame. Hence, by the discretization
theorem, ¥ may be sampled to give a frame of exponentials for Ly(.J) which gives Theorem
2.3 as a corollary. We note that Nitzan, Olevskii, and Ulanovskii prove further that the
sampling points in Theorem 2.3 may be taken to be discrete, which we cannot conclude
using only our techniques.

3. FRAME PARTITIONS

Our goal for this section is to prove Theorem 1.7, on uniformly partitioning frames. The
main ingredient of the proof is the following theorem of Marcus, Spielman, and Srivastava.

Theorem 3.1 (MSS Cor 1.5). Let (u;)M, € H be a Bessel sequence with bound 1 and
|lus||* < & for alli. Then for any positive integer r, there exists a partition {1, ..., I} of [M]
such that each (u;)icr, , j =1,...,7 is a Bessel sequence with bound

(L/V/r +V5)?

We will be applying Theorem 3.1 for r = 2 to partition a Parseval frame into two sets
with Bessel bound close to 1/2. Theorem 3.1 gives good control of the upper frame bound
when partitioning a Parseval frame, but we need to control the lower frame bound as well.
The following theorem can be applied to show that if a Parseval frame is partitioned into
two sets with upper frame bound close to 1/2 then the sets also have lower frame bound
close to 1/2.

Theorem 3.2 (BCMS Cor 4.6). Let P : (*(I) — (*(I) be the orthogonal projection onto a
closed subspace H C (*(I). Then for any subset J C I and § >0, TFAE

(1) {Pe;}ics is a frame of H with frame bounds § and 1 — 9.

(2) {Pe;}icse is a frame of H with frame bounds § and 1 —§.

(3) Both {Pe;}ics and {Pe;}icje are Bessel with bounds 1 — 4.

(4) Both {(I — P)e;}ics and {(I — P)e;}icse are Riesz sequences with lower bound 0.
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We will be repeatedly partitioning a frame using Theorem 3.1 and then applying a positive
self-adjoint invertible operator to the resulting sets. The following simple lemma allows us
to keep track of what the operators do to the frame bounds.

Lemma 3.3. Let (z;)jes be a Parseval frame of a Hilbert space H. Let T be a positive self
adjoint invertible operator on H. Then (Tx;)je; is a frame of H with upper frame bound
|T|I? and lower frame bound ||T~1||~2

Proof. Let x € H. To calculate the upper frame bound we have the following inequalities.

D N Tap)lP =Y [T,y = ||Tz|* < | TI7l]).

jeJ jeJ
Thus ||T]]? is the upper frame bound. To calculate the lower frame bound we have the
following inequalities.

T2 2ll® < |1 Tal® = Y KTwa) P =) |, Tay) .
jeJ jeJ
Thus, |77 72 is the lower frame bound.
0

We are now ready to prove the main result of this section. The first part appears essentially
as Lemma 2 in [NOU], but we include a proof here for completion as it is essentially the
uniform discretization problem for continuous frames with finite support.

Theorem 3.4. There exist uniform constants A, B > 0 such that every tight frame of vectors
in the unit ball of a finite dimensional Hilbert space H with frame bound greater than 1
can be partitioned into a collection of frames of H each with lower frame bound A and
upper frame bound B. Moreover, there exist sequences of constants (Ay)nen, (Bn)nen with
lim,, oo A, = lim,, oo B, = 1 such that for every n € N, every tight frame of vectors in H
with norms at most n=' and frame bound greater than 1 has a subset with lower frame bound
A,, and upper frame bound B,,.

Proof. We prove the first claim of the theorem and then discuss at the end how the proof
could be adapted to prove the moreover claim. For convenience, we will only consider tight
frames with frame bound at least 79. Then we will find a uniform constant B > 79 so that
every such tight frame can be partitioned into frames with upper frame bound B and lower
frame bound 79. Thus, any tight frame in the unit ball of a finite dimensional Hilbert space
with frame bound greater than 1 could be partitioned into a set of frames of H with upper
frame bound B and lower frame bound 1.

The proof will involve repeated application of Theorem 3.1 so that at each step we will
partition a frame into two frames with the same upper frame bound and same lower frame
bound. We will then choose one of those frames to partition further until we arrive at a set
which is close to being tight and has small upper frame bound. As we could do the same
procedure to the frames not chosen, we are able to partition our original frame into frames
which are close to being tight and have small upper frame bound.

Assume that (x;);ej, is a tight frame in the unit ball of H with frame bound B, > 79.
We recursively define a decreasing sequence By > By > --- > B, by B, = 27'B,, —
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21/23%2 — 1 for all 1 < m < n where n € Ny is such that 200 > B,, > 79. Note that
79 = 271200 — 21/2200"/2 — 1 and thus there is a unique n € Ny such that 200 > B,, > 79.
This implies as well that B,,;1 < 2OOB for all 1 < m < n. We will choose by induction a

nested sequence of subsets Jy O J; D ... D J, so that if 1 < m < n, T} is the identity, and
T, is the frame operator of (T, 1/12...T1_1/2B()_1/2xj)j@m then
(3.1) 1TV 1 2By 22 < B for 0 <m <,
(3.2) | Tl <271 4228 V24 B1 for 1 <m<n,
(3.3) 1T < (27t =2Y2B Y2 - B 1™ forl1<m<n.
For the base case m = 0 we have that (3.1), (3.2) and (3.3) are all trivially satisfied.
Let 0 < m < n and assume that Jy 2 --- D J,, have been chosen to satisfy (3.1),

(3.2), and (3.3). As T, is the frame operator of (7}, 12, ..T1_1/2B()_1/2$j)jejm we have that
—1/2  p—1/2 p—1/2 2 p-1/2p-1/2 -
(T = Ty /"By '"xj) ey, is a Parseval frame. Furthermore, ||T5, /~...7} /"B, "“z;|| < B,,
for all j € J, by (3.1), thus we may apply Theorem 3.1 with » = 2 to obtain J,,,41 C
Jm such that both (Tr/?.. T * By ;) ie0,., and (T T Y2 By %2 e g, have
Bessel bounds 27! 4 2'/2B,, 1/2 + B '. As B,, > 200, we have that this bound is smaller
than 1. By Theorem 3.2 we have that (T_l/2 .Tl_l/QBO_I/Qx )jeJn.. has lower frame bound
2-1 —212B M? _ B=1 5 0. Thus the frame operator Ty, 1 of (T .TI_I/QB(]_I/ij)jejm+1
has [|Ty41]] <27 +21/QB;L1/2+B and |75, < (271 21/237”1/2—37;1)*1 which satisfies
inequality (3.2) and (3.3). We have that
~12 po1/2p=1/2 ~1/2 - ~1/2 p—1/2
T 2By P < T PN By

< | T 1Bt by (3.1)

=T3B! as Tp,41 is a positive operator

< (27! =2Y2B Y2 _B-H71B-1 by (3.3)

— (2B, — 2B _ 1) = B,
Thus, the inequality (3.1) is satisfied and our induction is complete.

We have that (T_l/2 .T1_1/2B[)_1/2xj)jejn is a Parseval frame and that 79 < B,, < 200. By
Lemma 3.3 we have that (z;);e, is a frame with upper frame bound ||T1/2 T1/2Bl/2||2 and
lower frame bound ||75 12 AN 1/2£3(]_1/2|| 2. By (3.2), the upper frame bound of (z;);c, is
at most

T2 T 2By 2P < | Tl Tl Bo < By [ (27 +2Y2B, Y2+ B!) = B.
0<m<n

By (3.3), the lower frame bound of (z;);ey, is at least
TN T T Be > By [ 7' —2°B,* = B,) =By [[ BusiB,' =B.=:A

0<m<n 0<m<n

We now have an upper frame bound B and lower frame bound A for (z;)jes,. If there
exists a constant C' such that the ratio of the frame bounds B/A is uniformly bounded by
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C, then we would have a lower frame bound of A = B, > 79 and an upper frame bound of
B < AC < 200C. This would prove that every tight frame of vectors in the unit ball of a
finite dimensional Hilbert with frame bound greater than 79 can be partitioned into frames
each of which has upper frame bound 200C" and lower frame bound 79. Thus, all we need
to prove is that B/A is uniformly bounded. We have that

9-1 21/2B;L1/2 B!
111(H + + b,
9-1 _ 21/23;11/2 — Bl

14 232B,'? 4 2B
= )
1—23/2B,"* —2B1

14+ 23/2( 79 )m/279 12 4 2(
23/2(&)7”/279—1/2 2(;

In(B/A) = )

)"79-1
)" 791

< 1n<H )

m= 01_

m/2 _
= > In(1+ 22 ()" 797 + 2(55) 79 )

m=0

N
SF 1S
|© o|

_Zln 23/2 79 )m/279 /2 (200) 79~ )

200

As the series Y > 2%/ 2(27090)”1/ 2797172 4 2(55)™ 797" is convergent, we have that both
series in the last equahty are convergent. Thus, B/A is uniformly bounded.

We have proven that every tight frame of vectors in the unit ball of a finite dimensional
Hilbert space H with frame bound greater than 1 can be partitioned into a collection of
frames of H each with lower frame bound A and upper frame bound B. As part of the
proof, we implicitly showed that for all € > 0 there exists a.,b., D. > 0 such that any tight
frame of vectors in the unit ball of a finite dimensional Hilbert space with frame bound
greater than D. may be partitioned into frames with frame bounds a. < b. < D. such
that b./a. < 14 e. We now show how this can be used to prove the moreover claim. For
1 <n<D;welet A, = A and B,, = B. For each n > D; we let ¢, > 0 to be the
smallest value such that D, < n. Set B, =1+ n"! and A4, = B,(1 +¢,)"!. Note that
limA, =1limB, = 1. Let N € N. We now need to show that every tight frame of vectors
with norm at most N~! and frame bound greater than 1 contains a subset with frame bounds
AN and BN.

Let (z;);es be a tight frame of vectors with norm at most N~! and frame bound greater
than 1. Thus, (Nz;) e is a tight frame of vectors in the unit ball of H with frame bound
greater than D, and hence may be partitioned into frames with frame bounds a., and
b.,. Thus, there is a partition of J into Ji, ..., Jys such that (x;),c;, is a frame with bounds
acy N2 and b, N2 for all 1 < n < M. Choose 1 < m < M such that 1 is an upper
frame bound of (%) jeUrcnemdn, DUt 1 is not an upper frame bound of (z;)jeu,<,<,..- Note
that (2;);e,,. has upper frame bound b., N2 < N~*. Thus, (z;);eu,,,,J, has upper frame
bound By = 1+ N~! as it is the union of a frame with upper frame bound 1 with a frame
with upper frame bound N~!. For all 1 < n < m, the ratio of the frame bounds for (z;);ec.,
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is at most 1 + ey, and thus the ratio of the frame bounds for (z;);eu,.,-,., is also at most

1 +en. Hence, (2;)jeu, <, <, has lower frame bound Ay = By(1+¢ey)" .
o 0

Theorem 3.4 is stated only for tight frames with frame bound greater than 1. The following
corollary applies to partitioning any frame with lower frame bound greater than 1.

Corollary 3.5. Let (fj);jes be a frame of a Hilbert space H with upper frame bound By and
lower frame bound Ay > 1 such that || f;]| < 1 for all j € J then (f;)jes can be partitioned
into a collection of frames of H each with lower frame bound A and upper frame bound
BByAy*. Where A and B are the constants given in Theorem 3.4.

Proof. Let T be the frame operator of (f;)jcs. Then ||T|| < By and || T~ < Ay*. We have
that (Ay*T~Y2f,)e; is a tight frame with frame bound Ay > 1. For all j € J we have that
||A(1)/2T*1/2fj|| < A(l)/2||T*1||1/2||fj|| < 1. By Theorem 3.4 there is a partition (J,)i1<p<as of

J such that (A(l)/ 2p-1/2 fi)jes, has upper frame bound B and lower frame bound A for each
1<n<M.Let r € Hand 1 <n < M. Then,

ST =Y (A T2 L, A PTY ) 2 < B A, ATV )|? < BAG Bl

j€Jn JE€JIn

Thus, (f;)jes, has upper frame bound BByA,". We now check the lower frame bound.
Do) =D (AT AT ) P > A ATl 2 AAGT Aolla])* = Al

J€JIn Jj€JIn

Thus, (f;);es, has lower frame bound A.
]

We now restate and prove Corollary 1.8 from the Introduction, which proves that Theorem
3.4 holds for infinite frames as well.

Corollary 3.6. Let A, B > 0 be the constants given in Theorem 1.7. Then every tight frame
of vectors in the unit ball of a separable Hilbert space H with frame bound greater than 1
can be partitioned into a finite collection of frames of H each with lower frame bound A and
upper frame bound B.

Proof. Let (f;)52, be a tight frame of vectors in the unit ball of H with frame bound K > 1.
For each n € Nlet H,, = span,;.,{f;} and let (g;n);er, be a finite collection of vectors in the
ball of H,, so that (f;)}_;U(gjn)jer, is a K-tight frame for H,,. By Theorem 1.7 we have that
(f3)j=1 U (gjn)jer, may be partitioned into a collection of frames ((f;);es,, U () jerin )il
of H, each with lower frame bound A and upper frame bound B. We first obtain an upper
bound on M,. For each 1 < i < M, we have that (f;);cs,,, U (gjn)jer,, has lower frame
bound A and that the entire collection of vectors (f;)7_; U (gjn)jer, has frame bound K.
Thus, we have that AM,, < K. We let M = |K/A]|. Thus for each n € N we may consider
the partitioning to be of the form ((f;);es,, U (9jn)jer.. )2, where we allow for sets to be
empty.

For a given j € N, we can have that the index 1 <7 < M so that j € J;,, can change
depending on n. However, this can be stabilized by passing to a subsequence, which is what
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Pete Casazza refers to as the pinball principle. We choose a subsequence (k,)nen of N so
that for all j € N there exists 1 < m; < M so that j € I e for all 1 < 5 < n. For each
1 <i< M, welet J; =liminf, , J;,. This gives that (J;)1<;<am is a partition of N. We
have that (f;);cs, has Bessel bound B as (f;)jes,, has Bessel bound B for all n € N. We
now prove that if J; # 0 then (f;);es is a frame of H with lower frame bound A. Let = € H.
We have that limy, o0 3° e, [(f5, 2) 7 = K|z Hence, limy o0 37 5c [, 2)[* = 0 as
(f3)7=1 U (gjn)jer, has frame bound K. Thus for all 1 <4 < M we have that

SO P = tm 3 (0

J€Ji 3E€Ti kn
= 1i ) 2 ) 2
= lim Y ()P4 D Hgiks o)
jeJi,kn jEIi,kn
> Allz|®
Thus (fj);es, has lower frame bound A. 0

We note here that it is not possible to improve Theorem 3.4 to show that every FUNTF
with sufficiently many vectors contains a good basis. A FUNTF (or finite unit norm tight
frame) is a finite collection of unit vectors which form a tight frame. If £ > n are natural
numbers then there always exists a FUNTF of k£ vectors for an n-dimensional Hilbert space
[BF], and FUNTFs are particularly useful in application due to their resilience to error
GKK].

Theorem 3.7. For every ¢ > 0 and every B > 1, there exists an M > B and a FUNTF
(wi)1<i<m such that whenever I C [1, M] is such that (x;);cr s a basis, then the lower Riesz
constant of (x;)ies is less than e.

Proof. We modify slightly the construction of Casazza, Fickus, Mixon and Tremain from
Proposition 3.1 in [CFMT]. Let H,, be the 2" x 2" Hadamard matrix obtained via tensor

products of
1 1
1 -1/

Let F! be the matrix obtained by multiplying the first 2" ! — 1 columns of H,, by 1/1/2"1,

and the remaining 2! + 1 columns by m Let F? be the matrix obtained by

multiplying the first 2"~ — 1 columns of H, by 0 and the remaining 2" ! + 1 columns by

5= Let F,, be the 2"*! x 2" matrix obtained by “stacking” the F,} on top of F?. Note

that the 2" columns of F;, are orthogonal, the rows have norm one, and the columns have
norm-squared 2. We denote the jth row of H, by h;, the jth row of F,, by x;, and we note
that {g; = 2’”/2hj : 1 < j <2n} is an orthonormal basis.

Let I C [1,2""!] be of size 2". We show that (z;);c; cannot have good lower Riesz bound.
Case 1. If [T N [1,2"]] > 2*7" — 1, then (2;)ic; has lower Riesz bound less than z5—.
Indeed, let J = I N[1,2"] and let P denote the orthogonal projection onto the first 271 — 1
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coordinates. Choose scalars (c;) such that

D el =1

jeJ

P(Z cjxj) =0.

jeJ

1Y esl)> = 11> (Id = P)ejay|)®

JjeJ JjeJ
2
= WH(M —P)) cigllP

jeJ

and

We then have,

2 2
< Q”THH ZCijH
jeJ

2
ool 1
Thus the lower Riesz bound of (z;),es (and hence of (z;);e; ) is no more than z5—.
Case 2: If [T N[1,2"])] < 27! — 1, then (z;);e; cannot be a basis, since the projection onto
the first 2°~! — 1 coordinates will not have 2"~! — 1 non-zero vectors, so it will not span.
It remains to examine what happens in Case 3: |I N [1,2"]| = 27! — 1. In this case,
I N[2" + 1,27t = 2»~1 4 1. In particular, there exist x; and x;, such that the last 2"!

coordinates are constant multiples of one another. So, |(z;, zy)| = % In particular, the
Riesz constant of just these two (norm-one) vectors goes to 0 as n — oco. Therefore, we can
choose n such that the lower Riesz constant of any basis is less than e.

Finally, to finish the proof, we simply copy the FUNTF constructed above as many times
as necessary to create a large enough FUNTF. Any basis contained in the copy will also be

a basis in the original, so we can force the lower Riesz bound to be less than e. 0

4. LEMMAS

In this section we collect some lemmas on frames which will be necessary for solving the
discretization problem in Section 5. The lemmas on continuous frames that we need will be
presented in Section 5.

Lemma 4.1. Let (f;)jes be a C-Bessel sequence in an N -dimensional Hilbert space H. Let
M € N and Jy, ..., Jyr be a partition of J. For each 1 < K < M, there exists 1 < nj < ... <
ni < M so that (f;)jes,, is CN/(M +1— K)-Bessel for each 1 <k < K.

Proof. For a set I C J we let T; be the frame operator of (f;);e;. For any choice of an
orthonormal basis (e;)Y; we have that

(4.1) trace(Tr) =y > Iew fi)lP = Y ISl

i=1 jeI jeI
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As T is a positive self-adjoint operator, we may choose (¢;)¥; to be an orthonormal basis of
eigenvectors of Ty, and hence (4.1) gives that 3, || f;]|* is equal to the sum of the eigenvalues

of Ty. For J = I, we have that the sum of the eigenvalues of T is Zf\il > i e P <CN
as (fj)jes is C-Bessel. Thus we may choose K different n € N so that the sum of the

eigenvalues of T, is at most CN/(M + 1 — K). In particular, each of the eigenvalues of T},
is at most CN/(M + 1 — K) and (f;);ey, is CN/(M + 1 — K) Bessel. O

Corollary 4.2. Let P € N. For1 < p < P, let (f,;)jesr be a C,-Bessel sequence in an
N,-dimensional Hilbert space. Let M € N and Ji, ..., Jy; be a partition of JP. Then there
exists 1 <n < M such that the sequence (fp;) ;e is 42C,N,/M-Bessel for each 1 <p < P.

Proof. Without loss of generality we may assume that 2! < M. Indeed, for 1 < p < P, if
M < 2P then (f, ;) e e is automatically 4°C),N,,/M-Bessel for all p.

We let My = M if M is even, and we let M; = M — 1 if M is odd. By Lemma 4.1
we may choose {ny,...,nar, 2} such that (f1;);esn is 2CN/M;-Bessel for all 1 < i < M, /2.
Continuing, we let My = M;/2 if M;/2 is even: and we let My = M;/2 — 1 if M;/2 is
odd. We can then choose half of the set {ny,...,n 2} (without loss of generality, it is
the first half) such that (f2;)jesz is 22C'N/My-Bessel for all 1 < i < M,/2. We then let
Ms = My/2 if My/2 is even, and we let M3 = My/2 — 1 if M,/2 is odd. Without loss of
generality, we have that (f&j)je(]%i is 22C'N/M3-Bessel for all 1 < i < M3/2. Continuing in
this manner we get even natural numbers M, ..., Mp with 2p*1Mp < M < 2P°M, for each
1 < p < P such that (f,;)jesm is 2°CN/My-Bessel for all 1 < i < M, /2, and hence (fp,;);esm.
is 4°C'N/M-Bessel for all 1 < i < M, /2. Thus, we may take the sets J2 as 2P < M and
2P=IMp < M < 2P Mp implies that 1 < Mp. O

We give a quick example showing that the estimate in Lemma 4.1 is sharp for K = 1. Let
C > 0 and let N, M € Z such that N divides M. Let (e;)Y, be an orthonormal basis of an
N-dimensional Hilbert space H. Consider the C-tight frame which consists of M/N copies

of 1/ —eZ for each 1 <7 < N. As there are N choices for 1 < ¢ < N, we have that the frame

has M vectors. Thus if we partition the frame into singletons we have that each singleton is
CN B 1
< -Bessel.

The following lemma is obvious for Hilbert spaces, but we state it separately because it
will be important in obtaining the lower frame bound in Theorem 5.4.

Lemma 4.3. Let ¢ > 0 and N € N with N > ¢72. Let (H) , be a sequence of finite
dimensional mutually orthogonal subspaces of a Hilbert space H Then for every x € H
there exists 1 < n < N such that |Py, x| < €||z| where Py, is the orthogonal projection
onto H,. Furthermore, if N is even and N > 22 then for every x € H there exists
1 <n < N such that || Pu,en, ., x| < ||z

Proof. For the sake of contradiction we assume that there exists z € H with || Py, x| > |||
for all 1 < j < N. This gives the following contradiction,

)] = ZHPlel )2 > ZEQHJZH )% = N2 |lz]| > |||
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For the furthermore case, we let H) = Hy, 1 & Hy, for all n € N and then apply the
previous case to N/2 € N and (lT-IJO)jV:/l2 O

Lemma 4.4. Let Hy and Hy be Hilbert spaces and let (f;);e; C Ho ® Hy. Suppose that
(Pu, fi)jes € Hy has upper frame bound K and lower frame bound k and that (Pu, f;)jes
has Bessel bound c. Then for all x € Hy & Hy,

S 1Sy @)? < K| Pryall® + cl| Prgall? + 2K V22| Py | Py
JjeJ
and
1) > (Z |<fj,PH1x>|2) — 2K26V2|| Py, ||| Py
JjeJ JjeJ
> k|| Py ||2 — 202 )| Py, ||| Py ]
Proof. We first calculate the upper bound.

Z| fj: |2 Zl fJ?PH1x+PHo >|2

JjeJ jeJ
< Wi Pua) + 1S5, Payw)” + 21 f5, Payx)(f5, Pr, )|
jeJ
1/2 1/2
< (Zr<fj,PHla:>|2+ r<fj,PH0a:>|2> +2 <Z\<fj>PH0x>!2> (ij,PHlmw)
jeJ jeJ jeJ
1/2 1/2
- (Z |<PH1fj7 ]:)H1x>|2 + ’<PH0fj7PH0$>|2) +2 (Z |<PHofj7 PH0x>|2> (Z |<PH1fj7 PH1x>|2>
jeJ jeJ jeJ
< K|| Py, x|” + cl| Puya||* + 2K || Py, ||| Pay |
We now calculate the lower bound.
Z| f]? ’2 Z|f]7PH1I+PHo >|
JjeJ jeJ
> " [(f5 P ) + [, Pay)|” = 21 {5, Paga) (f5, P, )]
jeJ
1/2 1/2
<Z| fi, P, ) ) —2 (D fi» Pu,)| ) (Z|<fj,PHlx>|2>
jeJ jeJ jedJ
1/2 1/2
=> [y, Puya)? =2 (Z (P, f5, PHow>\2> (Z (P, fj, PH1w>\2>
jeJ jeJ jeJ

> [ PP = 2K2¢2| Py, ||| Py
jed

> k|| Paya|® — 2K 22| Py a||| Py
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O

Lemma 4.5. Let ¢ > 0 and g1 = 3¢ + 2(2¢)V2(1 + ¢)Y2. Suppose (f;)jes C Ho ® H, is a
(14 ¢)-Bessel sequence and (P, fj)jes C Hy has lower frame bound 1 —e. Then there exists
(9i)ier € Hy such that (g;)ier U (f;)jes is (14 1)-Bessel and has lower frame bound (1 —e;)
on Hy® H,.

Proof. Let (h;)icr C Ho® H; such that (h;) U(f;) is a (1 +¢)-tight frame. As, (Py, f;) C Hq
has lower frame bound (1 — ¢) and (Py,h;) U (P, f;) C Hy is (1 + ¢)-tight, we have that
(P, hi) is 2e-Bessel. We will prove that (Pp,h;)ier U (fj);es has upper frame bound (1+¢y).
Let x € H.

> [Prpha, )P+ () = (L)l = O 1(Pay + P )i 2))* = > [ Pryha, ) ]?)
< (L4 o)lel® + O (P iy 2) P +2 Y |(Puyhi, ) (Pay i, 7))
< (U4l + O W Payhs, )+ 20 [(Pay hiy ) ) O 1 Prighay ) )2
< (L+e)fll® + (26 +2(26) (1 + &) ) 2> < (1 + 1) ]

We now prove that (Pyyh;)ier U (f;)jes has lower frame bound (1 — 1), which follows the
same argument as above. Let x € Hy & H;.

Z|<PH0hi,x>|2+Z|<fj;l’>’2 = (1+€)H.TH2 Z‘ PH0+PH1 hlax Z| PHoh'l’x
> (1—}-6)”5[1”2— Z| PthiVT |2+QZ| PH1hi7I><PHohi7x>|)

> (L4 e)ll«ll® = QWP by )P + 203 K Prryhiy ) )2 [(Prioha, 2)17) )
> (L+e)|lz]® = (2 +2(26) (1 + &) 2)|lal|* > (1 — )|
O

5. CONTINUOUS FRAMES AND THE DISCRETIZATION PROBLEM

Recall that a measurable function ¥ : X — H from a measure space with a o-finite
measure u to a separable Hilbert space H is called a continuous frame with respect to p if
there exist constants A, B > 0 so that

(5.1) Allz||* < /I(%‘I’(t)>!2du(t) < Bllz|I*  Vrel

If A = B then the continuous frame is called tight and if A = B = 1 then the continuous
frame is called Parseval or a coherent state. We say that ¥ : X — H is a continuous
Bessel map if it does not necessarily have a positive lower frame bound A, but does have a
finite upper frame bound B, which is also called a Bessel bound. As with frames and Bessel
sequences in Hilbert spaces, a continuous frame or continuous Bessel map for a Hilbert space
induces a bounded positive operator T': H — H called the frame operator which is defined
by

(5.2) T(z) = / VU du(t) Vo€ H.
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We are integrating vectors in a Hilbert space and (5.2) is defined weakly in terms of the
Pettis integral. That is, for all x € H, T'(x) is defined to be the unique vector such that

(5.3) (T'(x),y) = /<$,‘I’(t)><‘11(t),y> du(t) vy e H.

It is sometimes more convenient to work with the inequalities in (5.1) and sometimes it
will be useful to work with the frame operator T'. As with discrete frames, || T|| = B where B
is the optimal upper frame bound, and V¥ is a continuous frame if and only if T is invertible
and in which case |T7!|| = A~! where A is the optimal lower frame bound. Given a frame
for a Hilbert space, it may be converted to a Parseval frame by applying the inverse of the
square root of the frame operator. The following lemma shows that this same technique
works for continuous frames.

Lemma 5.1. Let ¥ : X — H be a continuous frame with frame operator T : H — H. Then
T20 . X — H is a continuous Parseval frame.

Proof. As T is a positive self adjoint invertible linear operator, we have that the inverse of
its square root T-'/2 is well defined. For € X we have that

|z||> =(T(T~Y%2), T~%2)  as T is self-adjoint
= [ v, T ) dute) by (53

:/<x,T1/2\If(t))<T1/2\If(t),x> du(t) as T is self-adjoint

— [l T o) dute
Thus, T2V : X — H is a continuous Parseval frame. O

Continuous frames were developed by Ali, Antoine, and Gazeau in [AAG1] as a generaliza-
tion of coherent states and in their later textbook [AAG2] they asked the following question
which is now known as the Discretization Problem.

Problem 5.2 (The Discretization Problem). Let ¥ : X — H be a continuous frame. When
does there exist a countable set F' C X such that (V(¢))er C H is a frame of H?

The Discretization Problem essentially asks if one can always obtain a frame for a Hilbert
space from a continuous frame by sampling. A solution for certain types of continuous frames
was obtained by Fornasier and Rauhut using the theory of co-orbit spaces [FRJ.

The following lemma allows us to approximate any continuous Bessel map with a contin-
uous Bessel map having countable range.

Lemma 5.3. Let ¥ : X — H be a continuous Bessel map. For all € > 0, there exists a
measurable partition (X;);e; of X and (t;)je; C X such that t; € X; for all j € J and
|W(t) — V()| <e forallteX; and

/

du(t) < e.

W(t) = 31, 0

jeJ
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Proof. We first claim that we may assume that g is non-atomic. Indeed, if (E;);cs is a
collection of disjoint atoms such that X \ U;erF; is non-atomic, then ¥ is constant almost
everywhere on each E;. Thus for each i € I, there exists s; € E; such that Wlg, = U(s;)1,
almost everywhere. Hence we would only need to prove the lemma for the non-atomic
measure space X \ Ujer£; and the continuous Bessel map ¥|x\u,.,5, = ¥ — >, V({)1g
Thus, we assume without loss of generality that X is non-atomic.

Let ¢ > 0. As X is non-atomic and o-finite, X may be partitioned into a sequence of
pairwise disjoint measurable subsets (Y;);en so that pn(Y;) <1forall j € N. Forall j €N,
let (H7)>2, be a partltlon of ¥(Y;) C H such that dmm(HJ) < €277 for all n € N. For each
J,n € N choose tJ, € W~ HI) NY;. Note that (™' (HZ) NY;),en is a partition of Y; for all
j € N and hence (\If (HJ)HY )jnen is a partition of X. We have that || ¥(¢)— W (# )| < 277
for all n,j € Nand t € U~'(HJ) NY;. We now estimate the following.

/ Z/ B OGN EE0

(t) — Z ‘I’(t{z)lxp—l(m;)my

j,meN j,meN ny;
<Y w(TTHHE)NY))27 = p(Yj)e2 <e
j,meN jEN

Thus we may use (V"' (H7) NY})jnen as our partition of X and (#);,en as our sample
points. O

The following is a technical result that is needed in our proof of the discretization theorem,
which may be of independent interest. Recall that a collection of vectors (x;);c; in H is said
to be a scalable frame if there exist constants (¢;);c; such that (c;z;);cs is a Parseval frame
for H [KOPT]. The following result implies, in particular, that there are universal constants
A and B such that if (x;);es is a scalable frame in the unit ball of H, then (z;);c; can be
sampled to form a frame with lower frame bound A and upper frame bound B. In order to
help the reader stay organized, there are several claims in the proof of the theorem, whose
proofs are separated out from the main text of the proof of the theorem. The proofs of the
claims end in B, while the end of the proof of the main theorem ends with [, as usual.

Theorem 5.4. There is a function g : (0,1/256) — (0,1) such that lim._, g(¢) = 0 and if
()22, C{x € H :||z|| < 1} is such that there exist scalars (a,)5, such that (a,x,)3, is a
frame for H with bounds 1 —e and 1+ ¢, then there exists f : N — N such that (xm))ne, s
a frame for H with bounds A(1 — g(¢)) and 2B(1 + g(g)), where A and B are the constants
giwven in Theorem 3.4.

Proof. We will not explicitly define the functions f and g, though a careful reading of the
proof will give exact values for g. The general strategy of the proof is to decompose H into
pairwise orthogonal subspaces and sample (x,,) in order to obtain frames for the subspaces,
while controlling the leakage into the other subspaces.

Let 0 < € < 1/256. We begin by noting that we may assume that (a,)32 ; are non-negative
real numbers and by perturbing (and replacing € by a slightly larger value, which we still
denote as €) we may assume further that (a,)°, are non-negative rational. Next, we can
decompose H in the following way.
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o

Claim 5.5. Let K_; = —1 and Ky = 0. There exists pairwise orthogonal subspaces (H,,)% ,,
an increasing sequence of natural numbers (K,)2° ; and a decreasing sequence of real numbers
(€,)22, converging to zero such that the following hold for all n € N and 1 < m < n, where

' = 6e + 4e'/2(1 + 2¢)V/2.

(5.4) (7)j<r, C Dj<nt

(5.5) for all & € BpejenHj, (1=29)z[P < > [z, 2)Pa] < (1+2) |zl
je(Kmf%Kn]
(5.6) for all # € BmejenHy, Y |2l < ez
jQ(K’m*%Kﬂ]

(5.7) e B(1+€)(1 - &) 2 dim(Pj<, H,) < 87"

Proof of claim 5.5. For the base case of n = 1 we have that (5.4) will be automatically
satisfied as we have set Ky = 0. We let H; = 0, K;=1 and &; = /2, which trivially satisfies
(5.5), (5.6) and (5.7).

For the induction step we let k& € N and assume that (5.4), (5.5), (5.6), and (5.7) are
true for m < n = k. We choose €41 < ¢ small enough so that (5.7) is satisfied. Let
Hy1 = spang, | i<k, P, m,) Ti- Thus, Hyi is orthogonal to @;<xH; and {z;}<r, C
®,<k+1H; which satisfies (5.4). As (a;x;)jen is Bessel and @;<k11H; is finite dimensional, we
may choose Kyi1 > Ky so that 3. [(v,27))?a% < epial|z|? for all 2 € @icpr1Hi. Let
m < k+1 As{z;}<k, » C ®j<m_1H; we have that (z,z;) = 0 for all z € B<i<p1H;
and j < K,,_o; hence, (5.6) is true. We have that (5.5) follows from (5.6) as (a;x;)en is a
frame with lower frame bound 1 — ¢ and upper frame bound 1 + ¢ and ¢,, < £/2. Thus our
induction argument is complete. |

The spaces (H,)32, are the building blocks for constructing our frame via sampling, but
we will need to group subspaces together in order to control the leakage between consecutive
subspaces using Lemma 4.3. To this end, let (8,,)22 ; be a decreasing sequence of real numbers
and let (M,)>2; and (IV,,)2; be sequences of odd numbers such that

n=1

(58) M1<M2—2<M2<N1<N1+1<M3—2<M3<N2<N2+1<M4—2<"'
(5.9) N, — M, —4>257

(5.10) > o <€
n=1

We construct our frame via sampling as follows. Fix r € N. Since ¢ < 1/256, we can

choose D = D, to be an integer multiple of the denominators of (a2 )ne(xy, s ky,] SO that

(5.11) D(1 — 6e — 4e'/?(1 +2¢)Y?) > 1

(this choice of D will allow us to apply Corollary 3.5 in the sequel). Denote by (v/1/D fu)ner
the sequence of vectors comprised of Da? copies of /1/Dzx; for each j € (Kay,—2, K, |, where
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I = I, depends on r. We note here that for any v € H,

Kn,
S e VDR =S leg 5
nel J=Knp -1 =1
KN,
= Y lmaPal,
J=Kn—1

80 (\/1/D fn)ner has the same frame properties as (anTn)ne (i, _o Ky, - 1t Will be necessary
in the sequel to recover the correspondence between f; and z,,. So, we define

(5.12) b =b:1— (K, o, Ky,]
in such a way that
(1) fn =y for all n € I, and
(2) #b71(j) = Da? for all Ky, o < j < Ky,
so that formally (f,)nes is the same sequence of vectors as (Zy(n))ner-
By (5.4), \/1/_Dfn Jner is a (1 4 €)-Bessel sequence in @<y, 4+1H;, and by (5.5),

(P@MTSJSNTHJ‘ V 1/Dfn)nEI
is a frame for @y, <j<n, H; with lower frame bound 1—2¢. Therefore, we can apply Lemma 4.5

to obtain (gn)nes C @j<m, H; ® Hpy, 41 such that ||g,| < 1/\/5 and (\/1/D f)ner U (gn)nes
is a frame for @;<y,11H; with bounds 1 — ¢’ and 1 + ¢’, where

' = 6e 4 4e'/%(1 + 2¢)V/2,

By our choice of D in (5.11), we can apply Corollary 3.5 to the vectors (fn)n€[U<\/Egn)n€J
to obtain a partition (I,,, U J,,)M_, of T U J such that for each 1 < m < M, (fn)ner,, U

(V'Dgn)nes,, is a frame for @;<n, 11 H; with constants A and B(1 +¢')(1 —¢’)~'. For a set
P C I, we denote

={j € P:b(j) > K},
where b is as defined in (5.12).

Claim 5.6. For each r > 1 there exists mg such that
(5.13)
for each k € [M, — 2, N,], (P@jngjf”>n€I%g has Bessel bound €277,
(5.14)
(Pa,<as, o, fn)ner,, has Bessel bound e
(5.15)
(P, cint, iy Hy Jn)nel,, 18 @ frame for @jcqu, n,) H; with bounds A, B(1 +¢')(1 — e,
(5.16)
(fn)ner,,, has Bessel bound B(1 +¢)(1 — ) on @icien, 11 Hi.
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Proof of Claim 5.6. For each k € [M, —2, N,], we have that (Ps,_,_, 1, fj)jer>+ is Dej-Bessel
by (5.6). By Corollary 4.2 there ex1sts 1 < my < M (which depends on r € N) so that for
every k € [M, — 2, N,]|, (Péeingifj)jela’g has Bessel bound Deg4*dim (@<, H;) /M.

As each frame in the partition ((f;);er, U(VDg;)jes )1<k<n has upper frame bound B(1+
e)(1 —¢')~! and there are M of them, we have that BM (1 +¢')(1—¢')~! > (1 —¢')D. Thus
we have for each k € [M, — 2, N,| that

(Pa;<ut,f3) jerzy has Bessel bound g27F <277 as

Ded*dim(@i< Hy) /M < B(1 + &) (1 — &) e d™dim(®i<i H;) < €277 by (5.7),

which proves (5.13). When k = M, — 2 we have that I,,, = I.*"=2 and hence,

mo
lo—r
(Poicrs, —ot: fi)jern, has Bessel bound €277,

which proves (5.14).
Equation (5.15) follows from the frame bounds of (f,)ner,, U (VDgn)ney, and the fact

that (gn)nes,, is orthogonal to ®jcpa,,n,1H;. Equation (5.16) follows immediately from con-
struction and (5.4). [ |

For each r € N, we define I(r) to be the I, that is guaranteed to exist in Claim 5.6.
To finish the proof, we show that (f,)ner(r)ren is a frame with bounds 2B(1 + ¢;) and

A= (A+2)ey — 4B(1 + £5)ey/?, where
=(1+e)1—e) =14 +2B(L+e) (1))

Proof of Upper Bound. Let x € H with ||| = 1. Define a sequence of integers (¢,,)3>; by
¢ =0and g, € (N1 + 1, M, 1 —2) for n > 2. Let

I(n)={j €l(n):b(j) < Ky},

Ii(n) = {j € I(n) : b(3) > Koy 1}

First, note that if j € I_(n), then f; € ®1<i<4, H; by (5.4). Therefore, defining H}* to be
D, —1<i<q, Hi we can apply (5.14), (5.16) and Lemma 4.4 to obtain that

ZZ ()

n=1jel_(

o0

<y (B<1 (1= &) Py

)
n=2
o oo 1/2 , oo 1/2
<B(l+)1-€) "+ +2(B(1+)(1-€)7") / (Z 2”) (Z ||PHIL:C\|2)
n=2 n=2

B(l+&)(1-&) "+ +2(B(1+&)(1—)e)?
B

P42+ 2(B(1+&)(1—&) 2 ) 2| Pypae
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Similarly, for j € I.(n), f; = %) € ®i<i<n,+1H; by (5.4) as j < Ky,. Therefore,
defining H} = @, <i<n,+1H;, we can apply (5.13), (5.16) and Lemma 4.4 to obtain

=y 3 lhof

n=1jely(n)

< Z(B(l +&V(1 =) Pupa|* + 27"+ 2(B(1+€')(1 — s’)15’2”)1/2||PH1nm||)

n=1

o0 1/2 ; oo 1/2
<B(l+e)(1-€) "+ +2(B1+e)1- 8/)715/)1/2 <Z 2") <Z ||PH;LIHQ)
n=1 n=1

<B(I+&)1+&) "+ +2(B1+e)(1—&) )
S B(l +€2),

Therefore, we can conclude that

Z S Kfpa)P=1+11

n= lje[(

< 2B(1+ &3).
u

Proof of Lower Bound. Let x € H, ||z| = 1. By (5.9) and Lemma 4.3, for each n there
exists pp, € (Mpq1, Ny — 2] such that ||Py, em, . 7| < d,, where §, were chosen to satisfy
(5.9) and (5.10). Let

o= PEBJ'<P1 Hjx
and for n > 2, let

Yn = P@pn71+1<j<pn Hjx'

Note that
(5.17) e =S wall < (D62 <e <z
(5.18) l—ey<l—c<||Y yal <1, and
(5.19) VY € Bp, sr1<icpa i Y [(F )P = Allyl® by (5.15).

jel(n)
Next, we define
Iy(n) ={j € I(n):b(j) < Ky, },
In(n)={j€l(n): K, ,<b(j)<K,,}, and
Li(n)={j €I(n):b(j)>K,,},
where b is the map defined in (5.12).
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We compute

Z Z Vfwzym \2>Z Z !fJ,Zym

n=1 jel(n n=1 jelp(n

B Z Z (i Zym as fj € Or<p,+1Hy for j € Io(n) and y,41 € @i:;;i—nga

n=1 jelo(n)

ZZ( > ) =2 Z [ uad [F5 D ) )
n=1 “jelp(n) j€Ip(n m<n

>3 (3 Wl -2 z )OS 15 Z o))
n=1 “jely(n) jEIo (n) j€lp(n) m<n

Y

Z( > i) —2(B (1—1—5’)(1—5’)_1)1/2”yn||(6/2_”)1/2) by (5.14) and (5.16),

n=1 jEI()(n)

00 1/2 00 1/2
> (Z Z [(fi yn)| ) 2(B (1+5’)(1—5/)15')1/2<2Hynu2) (22”)
n= ljejo ) n—1 —
>(Z Z ’f]vyn >_52
n=1 jelp(n)
Z Z( Z | fjvyn |2 Z | f]ayn _5/27n”yn||2) +( Z |<fj7yn>|2 —0)) — &9
n=1 JGIO(n) ]EIl(n jGI,1(n)
- Z( Z [(f yn)] _5/2_n||?/n”2> — &3
n=1 “jel(n

> (Allyal® — €27 lyall?) =22 by (5.19)
n=1

o0
> A al? - — e
n=1

We conclude the proof by using the above estimate for > [(f;, >, cx Un) | to obtain a lower
frame bound for (f;);er(n)nen.

o)l 2 Z |(fjazyn>\2 —4B(1+ &) ZynH e — ZynH by Lemma 4.4,
; :
> A||Zyn||2—€ — &y —4B(1 + &) ||$—Zyn||
(||fC||2 Iz = " yall’) — &' —e2 — 4B(1 + &) ||I—Zym||
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> Allz|* — Aes — &' — 3 —4B(1 +e3)e0 by (5.17).

Thus (f;)jer(n)nen has lower frame bound A — A’ — &3 — g9 — 4B(1 + £2)es.
[ |

This concludes the proof of Theorem 5.4. 0

Theorem 5.7. Let ¥ : X — H be a continuous Parseval frame such that ||V (t)|| < 1 for all
te X. If A, B > 0 are the uniform constants given in Theorem 3.4 then for all € > 0 there
exists (s;)icr € X1 such that (V(s;))icr is a frame of H with lower frame bound (1—¢)A and
upper frame bound 2(1 + ¢)B.

Proof. Without loss of generality we assume that H is infinite dimensional. Let 1 > ¢ > 0.
Let 9 > 0 such that g(g¢) < €, where g is the function guaranteed to exist from Theorem
5.4.

By Lemma 5.3 there exists a partition (X;);en of X and (¢;);en C X such that ¢; € X, for
all j € Nand [|W(t) —W(t))]| < % forall t € X; and [ ||U(t) — Yo Y(t:)1x, (1)]| du(t) < .
Let ® : X — H be given by ® := > W(¢;)1x,. We will prove that ® is a continuous frame
with upper frame bound 1+ ¢ and lower frame bound 1 —¢,. Let x € H with ||z]| = 1. We
first estimate the lower frame bound.

Jolf? = [ e w0} Pdute)
= [ 1o (w0 - 20+ 2(0) Pt
< [ 16, @@)F + 2o, () — ©(0)) [ 00| + (o, (¥(e) — @(0)) Pau)
< [ 1. 0@)F + 2000 - SIS + ¥) - () Pduct)

15

< [ e @O) + 2¥) - 0]+ [ ¥(2) ~ 2(0)| Tt

€0

3
o

< [ o) Pant) +25) + (37 ( / H‘If(t>—<1>(t)||du(t)<%)
< [ o @@nPautt) + =0

Thus, ® has lower frame bound 1 — g5. We similarly estimate the upper frame bound.

Jolf? = [ 1z, w(e)Pautt
— [ e (w0 - 20 + (1) Pt
> [ 1. 907 - 2(e. (00 - DO )] + (o, (¥(0) ~ @) Pt

as [[@(4)[| <1 and [[W(t) — &(1)] <
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> [ o) Pdutt) - 2P) > [ 160, 00) Pdu(t) - =

Thus, ® has upper frame bound 1 + &y.

We have that for allz € H, [ [(z, ®(t))[2du(t) = > [{@, () |*p(X;). Thus, (v/ (X)) U()
is a frame of H with lower frame bound 1 — ¢y and upper frame bound 1+¢e. T herefore
by Theorem 5.4, there exists a sequence of natural numbers I such that (V(t;));es is a frame
for H with bounds A(1 — ¢) and 2B(1 + ¢), as desired. O

We now show that the complete solution to the discretization problem can be reduced to
the special case of Theorem 5.7. We restate and prove Theorem 1.3 that was presented in
the introduction.

Theorem 5.8. Let (X, ) be a measurable space such that every singleton is measurable and
let U : X — H be measurable. There exists (1;)jc; € X7 such that (V(t;));es is a frame of H
if and only if there exists a positive, o-finite measure v on (X, X) so that V is a continuous
frame of H with respect to v which is bounded v-almost everywhere.

Proof. We first assume that there exists a positive o-finite measure v on X so that ¥ : X —
H is a continuous frame of H with respect to v which is bounded almost everywhere. By
passing to a measurable subset of X of full measure we may assume that ¥ is bounded. Let
T : H — H be the frame operator of . Note that T is a positive self-adjoint invertible
operator. Define ® : X — H by ®(z) = T-'/2¥(x). Thus, ® is a continuous Parseval
frame by Lemma 5.1 and ® is bounded as it is the composition of bounded functions. There
exists C' > 0 such that ||®(¢)|| < C for all t € X. We now define a measure vy on X by

= C%v. Then, C7'® : X — H is a continuous Parseval frame with respect to 1 such that
|C1®(t)|| < 1 for all t € H. Thus, there exists (¢;);e; € X7 such that (C71®(¢;)),es is a
frame of H by Theorem 5.7. We have that (C~'T~1/2U(¢;));c, is a frame of H and hence
(U(t;))jes is a frame of H.

We now assume that there exists (¢;);e; € X7 such that (¥(;));es is a frame of H. Note
that (W¥(¢;))jes is bounded as it is a frame. It is possible for some points to be sampled
multiple times. For t € Uje t;, we let ny = #{j € J : t =t;}. We define a measure v on
X by v(A) =3, Arujet, Tt for all A e Y. As singletons are measurable, we have that v
is a measure on (X, ) and the frame operator for the continuous frame ¥ : X — H with
respect to v is the same as the frame operator of (U(¢;)),es. Thus, W is a continuous frame
with respect to v which is bounded on Uje t; and v(X \ Ujest;) = 0. O
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